This work presents a method to determine the effective dynamic properties of resonant metamaterials. The longitudinal vibration of a rod with periodically attached oscillators was predicted using wave propagation analysis. The effective mass density and modulus were determined from the transfer function of vibration responses. Predictions of these effective properties compared favorably with laboratory measurements. While the effective mass density showed significant frequency dependent variation near the natural frequency of the oscillators, the elastic modulus was largely unchanged for the setup considered in this study. The effective mass density became complex-numbered when the spring element of the oscillator was viscoelastic. As the real part of the effective mass density became negative, the propagating wavenumber components disappeared, and vibration transmission through the metamaterial was prohibited. The proposed method provides a consistent approach for evaluating the effective parameters of resonant metamaterials using a small number of vibration measurements.
I. INTRODUCTION
Interior noise in both turboprop aircraft and helicopters is often dominated by strong tones. This tonal noise, which originates from the engine, gearbox, or propeller/rotor, is transmitted into the interior through both structural and airborne paths. Recently, researchers have developed metamaterials consisting of a lattice structure of resonators that have the potential to block sound propagation in specific frequency bands without adding significant weight to the structure. 1 However, the dynamic properties of these resonant metamaterials differ from homogeneous materials and require an appropriate testing method for their characterization.
Unlike conventional viscoelastic materials used for vibration control, resonant metamaterials can have a negative elastic modulus and density. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] For instance, a negative modulus has been observed at ultrasonic frequencies in a duct lined with an array of Helmholtz resonators. 2 Negative density has been reported in a structure consisting of a network of discrete masses and springs. [3] [4] [5] Sound transmission measurements of this type of structure have yielded promising results for use as noise control materials. Acoustic metamaterials fabricated with elastic membranes 6 and Helmholtz resonators 7 have been used to achieve both negative density and modulus. The natural frequency of resonators is an important parameter in determining the frequency bands of negative modulus and density. [2] [3] [4] [5] [6] [7] [8] These resonant metamaterials have been used to attenuate sound 9, 10 and to increase the damping for reduction of sound transmission from flexural vibration of structures. 11 The unique properties of metamaterials were also used for acoustic cloaking, [12] [13] [14] to improve focusing and confinement of sounds, 15 and to create new sonic devices. 16 To determine the wave propagation characteristics of electromagnetic and acoustic metamaterials, effective parameters are typically obtained by measuring the reflection and transmission coefficients. [17] [18] [19] These methods require anechoic terminations on both source and receiver sides. Finite element simulation has been used to investigate the effects of locally resonant structure on wave propagation, especially on the band gap for vibration insulation. 20 Neglecting viscoelasticity of the elastomer used as the spring element induced a deviation between the measured and predicted band gap.
For homogeneous materials without internal resonators, static uniaxial tests can be used to measure elasticity. Typical vibration and noise control materials used to dissipate unwanted oscillation energy have viscoelastic properties. In this case, vibration test methods are commonly used to measure the frequency dependent complex (dynamic and loss) modulus. [21] [22] [23] [24] [25] For acoustic foams, which are used to absorb sound, impedance measurements are required to obtain both complex density and propagation speed of the airborne wave. 26, 27 Because resonant metamaterials have unique characteristics that differ from conventional homogeneous polymers or foams, it is necessary to develop a new method to evaluate the effective dynamic properties of such materials.
This study presents a method to determine the wave propagation characteristics of resonant metamaterials. Theoretical models were proposed to analyze the longitudinal wave propagation along a rod lined with tuned oscillators. The interaction between the oscillators and the rod for harmonic vibrations was investigated using the wave approach. Complex notation was used to include vibration damping in both the structure and oscillators. Estimation of the effective mass density and modulus for the metamaterial was performed, and the effects of the constraining method were evaluated. Laboratory measurements were performed on a a) Author to whom correspondence should be addressed. Electronic mail:
parkj@hanyang.ac.kr longitudinally excited rod to validate the analysis. The proposed method enabled direct determination of the effective parameters of the acoustic metamaterials in a precise and consistent manner.
II. LONGITUDINAL VIBRATION ANALYSIS
Wave propagation characteristics in a structure interacting with surrounding media are defined by the density and wavenumber. For homogeneous materials without internal oscillators, the density is real and can be calculated by dividing the total mass of the structure by its volume. Complex notation for the elastic modulus has been widely used to describe rigidity and damping. [21] [22] [23] [24] [25] [26] [27] Wave propagation characteristics change when stiffeners or oscillators are periodically attached to the structure. For instance, wave propagation is blocked and reflected back to the source in some frequency bands. 28 Figure 1 shows several possible configurations of a constrained rod. Figures 1(a), 1(b) , and 1(c) depict rods with a distributed spring attached to a clamped support, with a continuous oscillator, and with N discrete oscillators separated by equal distances, respectively. As the number of oscillators is increased, configuration 1(c) approaches configuration 1(b). As demonstrated in the following sections, the wave propagation characteristic varies based on the constraint method.
A. One-dimensional longitudinal vibration
The equation of motion governing a one-dimensional longitudinal wave is
where u is the longitudinal displacement, assumed to be small in amplitude, E u is the elastic modulus, q u is the mass density of the specimen, A is the cross-sectional area, and f e is the external force. For a simple harmonic excitation, the longitudinal displacement is given as
The steady state solution is obtained aŝ
whereĈ 1;2 are the magnitudes of waves propagating in the þ and -x directions, respectively, and k is the wavenumber related to the frequency ask
The constantsĈ 1;2 are found by applying the appropriate boundary conditions. The complex modulus of elasticity,Ê u , is commonly used to model energy dissipation in the material itself. The complex modulus is defined aŝ
where r is the stress, e is the strain, E d and E l are the dynamic and loss moduli, respectively, and g is the loss factor.
B. Longitudinal vibration of a rod constrained by distributed elements
When the rod is constrained by springs as in Fig. 1(a) , the equation of motion is
where s a denotes the complex stiffness acting per unit volume of the rod. It was assumed that the cross sectional area is constant and that any force is applied at the boundaries (x ¼ 0, L). For the spring-constrained rod, the wave number is obtained aŝ
When distributed oscillators are attached to the rod as in Fig.  1 (b), the equations of motion are
where q a is the mass of the oscillator attached per unit volume of the rod, and w is the displacement of the oscillator mass. For this oscillator-attached rod, the wavenumber is related to the circular frequency aŝ
Equations (7) and (9) suggest that spring and mass attachments have effects on the wavenumber of longitudinal wave propagations. However, the assumed solution in Eq. (4) is identical.
C. Influence of dynamic constraints on the effective properties
In previous studies, 3-5 theoretical models of negative mass and stiffness have been derived for vibrating systems consisting of a network of discrete masses and springs. From Eqs. (7) and (9), the effective parameters of a metamaterial are calculated for the longitudinal vibration of a rod when constrained by distributed springs. The effective mass density of the spring-supported rod is obtained aŝ
This effective mass density decreases with decreasing frequency. Note that when the spring stiffness is viscoelastic, the effective mass density is also complex. At frequencies smaller than the mass-spring resonance frequency,x r ¼ ffiffiffiffiffiffiffiffiffiffif s a =q u p , the effective mass density becomes negative, and no propagating wavenumber component exists. Only at frequencies higher than this resonance frequency does non-decaying longitudinal wave propagation occur. Following the same approach, the effective mass density of the rod attached with distributed oscillator shown in Fig. 1(b) is calculated aŝ
This effective mass density is zero at the mass-spring-mass resonance (x r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi f s a ðq u þ q a Þ=q a q u p ) and exhibits maximum value at the oscillator resonance (x a ¼ ffiffiffiffiffiffiffiffiffiffif s a =q a p ). For both rods in Figs. 1(a) and 1(b), the effective modulus is identical to that of the rod asÊ
2 ¼Ê u . This suggests that the external oscillators considered in this study do not influence the effective stiffness of the system.
D. Longitudinal vibration of a rod with discrete oscillator attachments-metamaterials
When oscillators are attached to the rods as shown in Fig. 1(c) , corresponding to the configuration of the resonant metamaterial, the equations of motion are given as
where j ranges from 1 to N þ 1 in Eq. (12a) and 2 to N þ 1 in Eq. (12b), N is the number of oscillators. M a and S a are the mass and spring constant, respectively for a single oscillator. Assuming harmonic vibration, the resulting displacement of the rod is given aŝ
where j ranges from 1 to
where j ranges from 1 to N, d j ¼ L=2N for j ¼ 1 and N þ 1, and d j ¼ L=N otherwise. After applying the boundary conditions at the ends of the rods, x ¼ 0 and L, the resulting vibration of the rod is obtained.
E. Calculations of reflection and transmission coefficients
Acoustic metamaterials have the potential to block sound in specific frequency bands without adding significant weight to the structure. To investigate the wave propagation characteristics through the rods in Fig. 1(c) , it was assumed that the metamaterial is attached to the middle of an infinitely long rod with the same properties with the rod in the resonant metamaterial. The reflection and transmission coefficients were found after assuming unit amplitude pressure incidence on x ¼ 0 and non-reflecting boundaries on the transmitted region (x > L). For this configuration, the boundary conditions at x ¼ 0 and L were applied as:
(15a)
where R and T are the reflection and transmission coefficients, respectively. After solving Eqs. (14) and (15), the barrier and absorption properties of the acoustic metamaterials itself without influence from changing characteristic impedance of the medium were determined. This enabled to predict the influence of resonator attachments only.
III. DETERMINATION OF EFFECTIVE PROPERTIES FROM VIBRATION RESPONSES
Effective properties producing the same vibration response of complex structures have been determined for resonant metamaterials. Figure 1(d) shows the configuration used in this study, which is similar to laboratory setups to measure the viscoelastic properties of polymers. 23 In previous studies, [22] [23] [24] [25] a single transfer function was sufficient to obtain the frequency dependent variation of the viscoelastic properties. In this study, two transfer functions are required to identify both the effective mass density and the complex modulus of the metamaterial. When the rod is excited at one end, the boundary conditions becomê
where M b is the end mass. The transfer function relating the displacement of the rod to that at x ¼ 0 is given as
whereM Ã s ¼q Ã u LA is the effective total mass. From Eq. (17), the wavenumber for longitudinal vibration is found from the roots of the following equation 
In this test method, the attached block must have a nonzero mass (M b > 0) to ensure a non-trivial solution is obtained from Eq. (19) . After obtaining the complex wavenumber, the effective mass density of the rod is calculated aŝ
Consequently, the effective elastic modulus is calculated from the wavenumber asÊ
When the effective mass and the wavenumber are given, the acoustic characteristics such as the transmission and reflection coefficients of an arbitrary length sample can be determined. In the proposed method, the vibration responses at two locations were used to identify the effective properties. Although the results did not show a significant variation with the selection of the vibration measurement locations, it is recommended to choose two locations that minimized deviations due to limited dynamic sensitivity of vibration sensors.
IV. RESULTS AND DISCUSSION

A. Numerical study
The proposed transfer function method was applied to the predicted response of a Plexiglas rod for verification. The The passive oscillators considered in this study exhibited minimal influence on the effective modulus. The effective mass density was complexnumbered when the spring element of the oscillators was viscoelastic, and the real part became negative near the oscillator natural frequency. mechanical properties of the rod and attached oscillators were
, and M b ¼ 0.198 kg. These were the values used in experiments described in the following section. Figure 2 shows the predicted transfer function with various constraints applied to the vibrating rod (N ¼ 15). The most significant change was observed when the rod was constrained by a spring as in Fig. 1(a) , especially at low frequencies. This change induced the negative effective mass and consequently disappearance of the propagating wavenumber components below the massspring resonance frequency,x r ¼ ffiffiffiffiffiffiffiffiffiffif s a =q u p . The resulting responses obtained for the continuous and discrete oscillators as in Figs. 1(b) and 1(c) , respectively, were similar. Figure 3 shows the effective properties determined using the two predicted transfer functions along with Eqs. (18) and (19) . As described in Sec. II, the elastic modulus changed very little with spring or oscillator attachments. However, there was a significant change in the effective mass density. For the configuration in Fig. 1(a) , the mass density was negative at frequencies less than 458 Hz, which is the mass-spring resonance frequency, x r . For the configurations in Figs. 1(b) and 1(c) , the effective mass density exhibited a large positive and then negative maximum near the resonance frequency of the oscillator, x a . The magnitude of these positive and negative peaks decreased with increasing loss factor (g) of the attached oscillators as shown in Fig. 4 . However, this oscillator damping did not show significant influence on the modulus compared to those on the effective mass density. When the effective mass density was negative, the longitudinal wave decayed exponentially as it propagates. Because the loss factor of typical materials used for noise and vibration control is limited, the large negative mass density is a significant advantage of resonant metamaterials for use in noise control. Figure 5 shows the transmission and reflection coefficients for the configuration shown in Fig. 1(c) . Without oscillator attachment (N ¼ 0), reflection did not occur (R ¼ 0) as in waves propagating in homogeneous media without change of characteristic mechanical impedance. Transmission was reduced only through material damping in the rod itself. Results are also shown for the N ¼ 15 case to investigate the effects of the oscillators. The natural frequency of each oscillator was 580 Hz. The reflection coefficient was large, and the transmission coefficient was small near the oscillator resonance frequency. A significant amount of energy (1 À |R| 2 À |T| 2 ) was dissipated due to damping in the oscillators. This information could be used to design acoustic metamaterials that reflect or absorb propagating energy in selected frequency bands. 
B. Experimental results
Experiments were performed to measure the frequency dependent variation of the effective properties of the rod attached with oscillators. Figure 6 shows the experimental setup. Although the photo shows a horizontal test setup, the actual test was performed with the rod oriented vertically. The Plexiglas cylindrical rod was excited at one end by a shaker, and a mass block was attached to the other end. Care was taken to excite the rod in the longitudinal direction while minimizing rod's flexural vibration. Fifteen oscillators were attached to the rod. Each oscillator was composed of a steel mass and a Plexiglas spring. The mechanical properties of the rod and oscillators were identical to those considered for numerical simulation in the previous section. Figure 7 shows the measured transfer functions. The measured response showed good agreement with the prediction in Fig. 2 . The vibration amplitudes (/ u(x)/u 0 ) decreased significantly at the oscillator resonance frequency, x a . Using the measured values and Eq. (19) , the effective properties of the acoustic metamaterial were determined as shown in Fig. 8 . As seen in the predicted deviation due to the oscillators, the elastic moduli showed negligible variation with frequency. The variations observed for measured values below 200 Hz were produced from a large sensitivity 25 related to the small phase difference between the measured vibrations using accelerometers. The effective mass density ranged from large positive to large negative values near the natural frequency of the oscillators. The imaginary part of the mass density showed significant variation in a different manner compared to the real part; this should be taken into consideration for precise estimation of the effective properties. This mass density is one of the fundamental parameters determining the vibroacoustic properties of the structures.
V. CONCLUSIONS
This study proposed a procedure that can be used to measure or predict the effective dynamic properties of resonant metamaterials. The derivation utilized complex values for both the modulus and the mass density to account for the structural vibration damping. The wavenumber for the longitudinal vibration of a rod was obtained from either measured or predicted responses. The frequency dependent variation of the mass density and modulus was calculated from this complex wavenumber. The effective modulus showed very little variation when periodic oscillators were attached to the rod. However, the effective mass density exhibited significant variation. The real part of the mass density became negative near the oscillator resonance frequency. This result corresponded to a stop-band where the energy did not propagate down the length of the rod but instead was reflected back to the source. The imaginary part of the mass density varied as well; this suggests that complex notation should be utilized to better understand the vibration absorption characteristics of resonant metamaterials. Although the proposed method was applied to rods attached with identical oscillators for comparison purposes, it could also be applied to structures constrained by oscillators of different masses and resonance frequencies. The proposed experimental method does not require nonreflecting boundary conditions to measure the reflection and transmission coefficients and would be useful for characterizing a wide variety of acoustic metamaterials in the laboratory. 
